Abstract. The adoption of Hermite elements with complete cubic polynomials is one way to apply the constrained interpolation profile (CIP) scheme to unstructured elements. Apart from its ability to describe complicated boundary shapes, this scheme is expected to show enhanced accuracy in the way it interpolates independent variables. In this study, although limited to two-dimensional cases, the numerical error of advection calculations with Hermite triangular elements was compared with that of the A-type CIP scheme by numerical tests and Von Neumann stability analysis. The numerical error of Hermite triangular element calculations was revealed to depend on the flow direction.
Introduction
For numerical analyses in coastal engineering, accurate calculation of advection phase is a crucial problem. The cubic interpolated propagation (CIP) scheme [1] is expected to be one of the best methods to achieve this task. This scheme illuminates numerous approaches for accurately calculating the advection phase, from which various types have already been derived and developed. As represented by the cyclonic isothermal vorticity advection (CIVA) scheme [2] , the adoption of non-structural grids is regarded as one way to develop the CIP scheme. An example of this approachis the Hermite element scheme, proposed by Okumura and Maruoka (2009) , with complete cubic polynomials [3] . Apart from its ability to describe complicated boundary shapes, this scheme is expected to show enhanced accuracy in the way it interpolates independent variables. In this study, although limited to two-dimensional problems, the accuracy of advection phase calculation by Hermite triangular elements with complete cubic polynomials is investigated in relation to the ordinary rectangular A-type CIP scheme [4] . 
Preparations

Schematic Description of A-type CIP scheme and Hermite element
In a two-dimensional problem, the Hermite element scheme with complete cubic polynomials employs triangular elements. To compare the scheme with the A-type CIP scheme, right triangles obtained by dividing a rectangle diagonally (Fig. 1 ) are addressed in this study. The existing spatial distribution of variables function value f and its derivatives
side the rectangle ABCD is used to estimate that of the next step at point A. The Hermite element scheme with complete cubic polynomials was proposed by Okumura and Maruoka (2009) for use in finite element method(FEM). However, the advection calculation step merely involves interpolation of the spatial profile of the variables. Therefore, such a comparison is possible. As shown later, for cubic interpolation of the two-dimensional spatial distribution of independent variables, the number of unknown coefficients to be determined is ten. The A-type CIP scheme raise ten conditions to determine ten unknown coefficients from the function values and their derivatives at the four vertices of rectangle ABCD. Each vertex provides three conditions: spatial gradients for two directions and the value of the function itself. To adjust the number of conditions to that of the unknown coefficients, the spatial gradients for two directions at point C, theupstream point in the rectangle, are not employed for the interpolation of independent variables. In other words, the A-type CIP scheme utilizes a different interpolated spatial distribution of independent variables according to the flow directions.
On the other hand, the Hermite scheme utilizes all updating information for cubic interpolation of the spatial distribution of independent variables in the triangle. This scheme requires additional grids inside the triangles, shown in Fig. 1 as points E and F, at which only the values of an independent variable are defined. Usually, the barycenter of a triangle is chosen for the additional grid. Each of the three vertices of the triangle provide three conditions: the spatial gradients for two directions and the value of an independent function. The last condition is provided by the value of the independent variable on the barycenter of the triangle. Thus, ten unknown coefficients of interpolating cubic polynomials are determined. The interpolated profile is uniquely determined independent of the flow direction. In this study, the two schemes described in Fig. 1 are compared by numerical tests and Von Neumann stability analysis. In the numerical tests, an A-type CIP scheme that utilizes a square whose sides are half the length of those for square ABCD is also examined.
Algorithm
Introducing the following expression:
where (u, v) is the flow velocity and (i, j) is the grid number of point A, allows a general discussion independent of flow direction. In this expression, point B is written as (im, j); similarly, points C and D are expressed as (i, jm) and (im, jm), respectively. Furthermore, points E and F are expressed as (im3, jm3) and (i+2is/3, j+2js/3), respectively. In the cubic interpolation, the function f and its derivatives 
where X and Y are the coordinates of an target point in a local system in which point A is set to be the origin. For point A', (X, Y) is written as (-uΔt, -vΔt) by utilizing time stepΔt． Similarly, (X, Y) for points B, C, D, E, and F are written as (isΔx, 0), (isΔx, jsΔy), (0, jsΔy), (isΔx/3, jsΔy /3), and (2isΔx/3, 2jsΔy /3), respectively, by utilizing grid sizeΔx andΔy. To determine the ten unknown coefficients in (2), (3), and (4), ten conditions are required. The three conditions provided at point A, where (X, Y) is written as (0, 0), are expressed as follows.
Similarly, point B (isΔx, 0) provides following conditions. The condition provided at point E (isΔx/3, jsΔy/3) is as follows. (13) and (15) as the ten conditions to determine the ten unknown coefficients in (2) to (4). In the case where the upstream point A' or E' in Fig. 1 is located in triangle ABD, the unknown coefficients are obtained as follows. 
Coefficients a8 to a10 are already obtained from (6), (7), and (10). Updated variables can be obtained by substituting (X, Y) of the upstream point A' or E' into (2), (3), and (4).
In the case where the upstream point A' or E' is located in triangle BCD, the interpolation should be carried out in the local coordinate system in which point C is the origin. This is easily achieved by following expression:
where (i, j) is the grid number of point C, the most upstream vertex of rectangle ABCD. By this expression, no modifications are required to indicate the grid numbers of points B and C, which are still written as (im, j) and (i, jm), respectively, as in the case where the upstream point is located in triangle ABD. This time, the grid number of point F is written as (im3, jm3). Hence, we can utilize the coefficients a1 to a10 without any modifications. The only modification required for utilizing (2) , (3), and (4) is to indicate (X, Y) of the upstream point in the local coordinate system in which point C is the origin.
On the other hand, as is well known, the A-type CIP scheme employs (5) to (14) as the ten conditions to determine the ten unknown coefficients in (2) to (4). Seven of the ten coefficients are the same as those of the Hermite scheme. As shown below, only a3 , a10, and a7 differ from those of the Hermite scheme. 
Numerical tests
The Hermite scheme and A-type CIP scheme are compared numerically by simple calculations in a steady uniform flow with various directions. The concentrationof tracer released in a uniform flow field had a Gaussian initial profile with a standard deviation identical to the grid size and a crest value of unity.. Here, the A-type CIP scheme with half-sized grids is also examined.
Results for the Hermite scheme, A-type CIP scheme, and A-type CIP scheme with half-sized grids are shown in Figs. 2, 3, and On the other hand, the accuracy of the Hermite scheme declines as the flow angle relative to the long side of the triangular element decreases. Additionally, in flow directions parallel to the short sides of the triangle, the accuracy of the Hermite scheme declines. For these flow directions, the Hermite scheme provides results completely equivalent to those for the A-type CIP scheme. 
Stability analysis
Von Neumann stability analysis is adopted to investigate the above-described tendency of accuracy in advection calculation. First, in function f, we assume the simple harmonic oscillation to take the following form:
where I is the imaginary unit, (kx, ky) represents the wave number, fˆis the amplitude of the simple harmonic oscillation, and superscript n denotes the time step. Furthermore, the following assumptions are employed.
Unless the objective function does not deviate largely from the cubic approximation, these assumptions are expected to be appropriate. Then, the discretized variables in (5) Finally, the growth coefficient G is obtained by (33) as a complex scalar. 
We can evaluate the gain error as G . In this paper, the phase error p is defined as follows:
where θ is the phase of the growth coefficient G, km is a non-dimensional wave number defined by (35), and CR is the Courant number defined by (36). In Fig. 6 , the gain error G and phase error p are shown with respect to the flow direction, where the non-dimensional wave number is selected to be 0.3 and 0.5. The curveture of the Gaussian profile in the above-mentioned numerical test corresponds to the condition where the non-dimensional wave number is 0.3. The flow direction was varied in the same manner as in the numerical tests. The larger of Cx and Cy was set to 0.4. The result for the Hermite scheme shows that the amplification factor approaches unity at flow directions with a large angle in relation to the long sides of the triangular elements, namely 45° and 225°. Minimum values occur at flow directions parallel to the long sides of the triangular elements, namely 135° and 315°. Secondary minimum values occur at 0°, 90°, 180°, and 270°-flow directions parallel to the short sides of the triangular elements where the amplification factors completely agree with those of the A-type CIP scheme.
These results provide an analytical explanation of the dependence of the numerical error on the flow direction recognized in the numerical tests.
Conclusions
The numerical error of advection calculations by using Hermite triangular elements with complete cubic polynomials was compared with that of the A-type CIP scheme by numerical experiments and Von Neumann stability analysis. The numerical error of the Hermite triangle scheme was revealed to depend on the flow direction. High accuracy of the scheme was observed in flow directions with a large angle relative to the diagonal line. The accuracy declined in flow directions with a small angle relative to the diagonal line. In flow directions parallel to the short sides of the triangle, the results were completely equivalent those obtained by the A-type CIP scheme.
Our findings suggest the importance of taking into account these features in grid generation, according to the properties of the target problems.
